We demonstrate a nonlinear optical chip that generates photons with reconfigurable nonclassical spatial correlations. We employ a quadratic nonlinear waveguide array, where photon pairs are generated through spontaneous parametric down-conversion and simultaneously spread through quantum walks between the waveguides. Because of the quantum interference of these cascaded quantum walks, the emerging photons can become entangled over multiple waveguide positions. We experimentally observe highly nonclassical photon-pair correlations, confirming the high fidelity of on-chip quantum interference. Furthermore, we demonstrate biphoton-state tunability by spatial shaping and frequency tuning of the classical pump beam.
I. INTRODUCTION
Quantum systems allow us to access a multidimensional Hilbert space that lies beyond the realms of classical physics, facilitating the teleportation of quantum particles, unbreakable cryptographic schemes, and more powerful computer algorithms [1] . The most common way of encoding quantum information is a qubit, a quantum system with two possible states. Furthermore, it has been shown that quantum systems with more degrees of freedom allow for a reduction of the complexity of quantumprocessing schemes due to a smaller number of necessary information carriers [2] . Such multidimensional quantuminformation encoding has been used in trapped-ion quantum-computing architectures [3, 4] . Optical quantum circuits also benefit from higher-dimensional qudits [5] , and the necessary optical coherent control over several dimensions has already been demonstrated [6] . Multidimensional qudits based on photons can be effectively created through the process of spontaneous parametric down-conversion (SPDC) [7] . To manipulate these states, multiple beam splitters [8, 9] and integrated waveguide structures in the regime of quantum walks [10] [11] [12] [13] [14] [15] have been employed. However, although linear optical circuits can effectively reshape the photon states and implement quantum computations, they cannot increase the total degree of entanglement present, characterized by the Schmidt number [16, 17] , when compared to the input quantum state.
Advanced quantum simulations, however, may require strongly nonclassical multidimensional states with largescale entanglement. In this work, we experimentally demonstrate, for the first time, to our knowledge, a nonlinear optical chip that enables the generation of nonclassical photon-pair states with a reconfigurable degree of entanglement in a multivalued discrete spatial coordinate. The entanglement is achieved through quantum interference of photon pairs generated by SPDC in a quadratic nonlinear waveguide array (WGA), where these photon pairs also undergo quantum walks. The combination of these two phenomena enables cascaded quantum walks that can be controlled by tuning the properties of the pump beam or changing the sample structure, providing a flexible tool for the preparation of states with a variable degree of nonclassicality in the spatial domain. This scheme inherently features the key benefits associated with integrated optical circuits, including the absence of propagation and incoupling losses and high interferometric stability. Hence, it is a promising photon source for flexible integrated quantum circuitry.
The remainder of this manuscript is organized in the following way. In Sec. II, we will explain the notion of cascaded quantum walks in detail. Experimental results characterizing the output state of cascaded quantum walks highlighting different tuning mechanisms are described in Secs. III and IV. Finally, we will discuss possible applications of our concept in Sec. V.
II. CONCEPT OF CASCADED QUANTUM WALKS
We consider the generation of photon pairs in a nonlinear WGA made from lithium niobate [18] . Because of the strong second-order optical nonlinearity of lithium niobate, photon pairs can be generated through SPDC of a shortwavelength pump beam. In comparison to the previously demonstrated biphoton generation in uncoupled waveguides or bulk crystals, our work offers unprecedented flexibility of biphoton-spatial-state control due to the unique properties of WGAs. Unlike single-mode waveguides, bulk nonlinear structures and nonlinear WGAs allow the generation of spatial entanglement; however, the spatial dispersion in the bulk is fundamentally different from waveguide arrays. In bulk structures, the rate of diffraction is proportional to the wavelength of light inside the material. In particular, the pump-beam diffraction is roughly one-half of the diffraction experienced by the neardegenerate signal and idler waves.
In contrast, in waveguide arrays, the rate of signal and idler diffraction is defined by the coupling, which can be flexibly engineered, for example, by varying the transverse waveguide separation. At the same time, the pump diffraction can be practically suppressed, allowing independent spatial manipulation of pump and photon pairs. For pump wavelengths around 775 nm, as used in this study, strong localization of the corresponding waveguide mode confines the pump to the excited waveguide. Thus, photon pairs are continuously generated along the pump waveguide, as schematically illustrated in Fig. 1(a) . The generated photons have approximately twice the wavelength of the pump beam, resulting in a larger optical waveguide mode and finite hopping probability between waveguides. As a result, the generated photon pairs undergo a quantum walk, which, due to interplay with the generation mechanism, shapes the correlations toward the output state [19] .
In comparison to multimode nonlinear waveguides, our approach allows significantly more flexible control of the generated states by tuning the coupling between the waveguides or changing the properties of single waveguides.
Quantum walks have been studied in different systems, including trapped ions [20] , atoms [21] , and optics [22] . Because of their unique flexibility, precise control of system parameters, small decoherence, and the relative ease of transporting states over long distances, optical schemes provide an ideal platform for the implementation of quantum walks [10, 12, 15, [23] [24] [25] . WGAs, periodic arrangements of waveguides allowing for photon hopping due to evanescent coupling of the optical modes of the individual waveguides [26] , enable the scalability of quantum walks to a large number of positions and walkers. In a linear WGA, two-photon quantum walks of externally generated photons have been shown [10] . However, as mentioned earlier, quantum walks in linear systems can only reshape the nonclassical characteristics of an externally generated input, e.g., its entanglement. The total entanglement characterized by the Schmidt number [16, 17] can, at best, be preserved and will practically always decrease due to incoupling losses [13] .
In contrast, the cascaded quantum walks introduced here allow for flexible control over the amount of entanglement as well as its particular distribution. The cascaded quantum walks in a waveguide array can be represented as a multilevel graph schematically shown in Fig. 1(b) . Here, a linear quantum walk of the generated photon pair is visualized with a red two-dimensional (2D) grid, where n s and n i denote the positions of signal and idler photons. Each 2D grid represents a two-dimensional quantum walk, which is similar to the walks studied before in linear waveguide arrays [10] , but in our case, the photons are generated by SPDC in the pumped waveguide. Starting from the pumped waveguide, photon pairs evolve over time by hopping between the waveguides. In an unperturbed WGA, photons have an equal probability of hopping to the left or right neighboring waveguides. In contrast to the previously studied quantum walks in linear structures, in our case, the pump beam (green) can initialize photon-pair quantum walks in the pumped waveguide at all possible distances z from the input. This effect leads to the excitation of a cascade of interfering 2D quantum walks, visualized by the different layers of red grids in Fig. 1(b) . Discrete red layers of quantum walks in Fig. 1(b) are only chosen for visualization purposes. Each of these quantum walks is a continuous-time quantum walk with propagation distance z playing the role of time and changing from 0 to the total WGA length L. Because of quantum interference, different nodes along z are combined into a 2D graph, resulting in a superposition of virtual 2D quantum walks originating from different positions. Such a superposition of quantum walks at different stages of their evolution is fundamentally impossible to achieve with any kind of linear device based on beam splitters without losses growing exponentially with the addition of each beam splitter.
The interference of virtual quantum walkers generated at different distances leads to the increase of entanglement. However, since, in general, SPDC produces photons of different wavelengths according to the energy-conservation law, entanglement may be generated in energy as well as spatial position [27] . Targeting spatial entanglement, in Figs. 1(c) and 1(d), we consider only degenerate SPDC where both photons have equal energy. With increasing propagation distance of the quantum walk, the spatial entanglement increases. The generation of entanglement is illustrated in Fig. 1(c) , where we plot the numerically calculated Schmidt numbers [16, 17] of the photon-pair state as a measure of the entanglement depending on the propagation distance for various pumped waveguides. Larger Schmidt numbers correspond to a higher degree of entanglement, while a Schmidt number equal to 1 corresponds to the absence of entanglement. We find an increasing Schmidt number for a range of input pump sites and note that different states can have the same Schmidt number. Cascaded quantum walks allow for easy tuning of the generated entanglement. First, the phase-velocity mismatch between the pump and the generated photon pairs can be changed, for example, by pump-wavelength tuning, thus influencing the generation of photon pairs. Second, the linear photon-pair quantum walks depend on the linear coupling in the WGA and thus can be controlled by changing the properties of the WGA. The engineering of WGAs allows for a multitude of different propagation regimes [26, 28, 29] . Here, we study the influence of the WGA edge as it demonstrates the effect of interrupting the structure periodicity. Figure 1(d) shows that the Schmidt number and thus the entanglement depend nontrivially on the single-waveguide phase mismatch Δβ ð0Þ and the pumpbeam position n p relative to the WGA edge. In the regime close to the degeneracy Δβ ð0Þ ¼ 0, when the signal and idler photons have the same frequency and are thus indistinguishable, the quantum states emerging from the WGA are strongly spatially entangled, as indicated by large values of the Schmidt number. The generation of entanglement is a significant difference from the previously considered quantum walks in linear WGAs, where photons were already entangled at the input to obtain nontrivial statistics at the output [10] . 
III. CONTROL OF QUANTUM STATES BY NONLINEAR PHASE MATCHING
The highest degrees of entanglement are predicted for small degenerate phase mismatches, as shown in Fig. 1(d) . Also, larger entanglement is expected for a quantum walk with a maximum number of spatial degrees of freedom. To achieve these conditions, we couple a pump beam of wavelength λ p ¼ 775.2 nm to waveguide n 0 in the center of our WGA, where the generated photon walkers travel ballistically across the WGA without interacting with the boundaries. Typical continuous-wave pump powers in all experiments reported here are below 0.5 mW. Experimental measurements of the spatiospectral photon distributions and their correlations are performed using a custom-made spectrometer and a coincidence scheme. (See Appendixes B and C, respectively.)
The results of spatiospectrally resolved classical intensity measurements of the SPDC output are depicted in Fig. 2 (a). They show one broad spectral maximum of the generated photon pairs around a wavelength of 2λ p ¼ 1550.4 nm, very close to the wavelength of degenerate photon pairs, which is 1550.5 nm. This wavelength also corresponds to the maximum transverse transport of the generated photons, as indicated by the broad intensity distribution. We note that the typical discrete diffraction pattern characteristic for ballistic transport phenomena [26] cannot be observed since photons are generated continuously along the WGA, as shown in Fig. 1(b) .
To demonstrate the nonclassical nature of the generated photon walkers, biphoton correlation measurements are performed in the five central waveguides of the WGA after applying a narrow spectral filter rejecting the The long-wavelength part of the spectrum is not recorded due to a lack of sensitivity of the InGaAs camera. (e) Diagonal correlations characterizing simultaneous bunching and antibunching fn 0 −1;n 0 −1gþfn 0 −1;n 0 þ1gþfn 0 þ1;n 0 −1gþ fn 0 þ1;n 0 þ1g (blue) and off-diagonal correlations fn 0 ; n 0 − 1g þ fn 0 − 1; n 0 g þ fn 0 þ 1; n 0 g þ fn 0 ; n 0 þ 1g (red) versus the pump wavelength λ p : theory (dashed lines) and experiment (circles with error bars). (f) Total nonclassicality versus the pump wavelength λ p : theory (dashed lines) and experiment (circles with error bars). nondegenerate photons. The resulting coincidence counts for the degenerate pairs are shown in Fig. 2(b) , where the axis labels n s and n i refer to the output waveguides of indistinguishable photons, which we call signal (s) and idler (i) for convenience. Since photon pairs are generated in waveguide n 0 along the entire length of the array, the highest coincidence rate is always registered for position fn 0 ; n 0 g, where both photons are in the pump waveguide. We observe that the probabilities of photons exiting either from the same waveguide, e.g., fn 0 − 1; n 0 − 1g, fn 0 ; n 0 g, fn 0 þ 1; n 0 þ 1g, or from the opposite waveguides, e.g., fn 0 − 1; n 0 þ 1g, fn 0 þ 1; n 0 − 1g, are, in general, notably higher than other probabilities, namely, fn 0 − 1; n 0 g, fn 0 ; n 0 − 1g, fn 0 þ 1; n 0 g, fn 0 ; n 0 þ 1g. It is a sign for strong simultaneous photon bunching and antibunching and implies a nonclassical spatially entangled state [19, 30] .
The experimental determination of the Schmidt number requires additional interference measurements to extract the phase structure of the photon-pair state, which is a challenging technical task. Therefore, to establish the nonclassicality of the photon correlations, we use the nonclassicality criterion in the form of the Bell-type inequality derived by Bromberg et al. [31] (see Appendix G below for a detailed mathematical definition) based on the analysis of the generalized Hong-Ou-Mandel effect. Our experiments showing the nonclassicality over 4 standard deviations above 0 demonstrate correlations that cannot be achieved with classical light. Whereas positive nonclassicality was observed for quantum walks in linear waveguide arrays [10, 31] , it required accurate coupling of indistinguishable photons to different waveguides at the input. In our work, a strongly nonclassical entangled biphoton state is generated even for a pump beam coupled to a single waveguide at the input, and, in particular, photon bunching and antibunching in the correlations appear to be more pronounced and clear compared to those achieved in linear waveguide arrays [10] .
All presented results are in good agreement with numerical simulations, providing strong conjecture for the generation of a state with spatial entanglement over at least five waveguide positions. This conclusion is further reinforced by a theoretical analysis of the minimum Schmidt number necessary to produce the measured photon amplitudes. In this approach, we numerically investigate states in which the correlation amplitudes match the experimentally measured intensities but with randomly chosen phases. (See the last section of the Supplemental Material for details [32] .) The smallest obtained Schmidt number is 2.2, providing further support for the existence of entanglement in our system. We note that our analysis is based on the assumption of pure biphoton states, without contributions from states with larger photon numbers. Considering the low-input pump powers, this assumption is well justified in our experimental system.
We further demonstrate the reconfigurability of the quantum states by changing the phase mismatch. As discussed above, Fig. 1(d) shows the predicted influence of the mismatch on the Schmidt number of the output state. With increasing absolute value of the mismatch, the Schmidt number, and hence the degree of entanglement, is decreasing. Experimentally, the mismatch is controlled by tuning the pump wavelength. In Fig. 2(c) , we plot the classical SPDC output intensities for a pump wavelength of λ p ¼ 776.1 nm. Clearly, the highest intensities are achieved for offset signal and idler wavelengths of 1450 and 1670 nm, indicating nondegenerate SPDC. Exactly at these wavelengths, the photons exhibit maximum spatial broadening due to the constructive interference of the SPDC process. This effect results in an hourglass-shaped distribution of the generated photons, whose narrow waist is at the degenerate phase-matching wavelength. The results of correlation measurements for this pump wavelength are presented in Fig. 2(d) . We again find a dominating contribution from the fn 0 ; n 0 g position. However, in contrast to the case described above, no pronounced bunching and antibunching in other waveguides could be observed. Such output states can be reproduced with a classical walker, as indicated by zero nonclassicality. All results are in excellent agreement with our theoretical modeling. (See the Supplemental Material for comparison between theory and experiment [32] .)
To test the tunability of the quantum states, we conduct correlation measurements for seven different pump wavelengths. Summarizing the results of these experiments, Fig. 2(e) shows the sum of the correlation counts in the diagonal positions fn 0 − 1; n 0 − 1g, fn 0 þ 1; n 0 þ 1g, fn 0 − 1; n 0 þ 1g, and fn 0 þ 1; n 0 − 1g with the blue circles and in the off-diagonal positions fn 0 − 1; n 0 g, fn 0 ; n 0 − 1g, fn 0 þ 1; n 0 g, and fn 0 ; n 0 þ 1g with the red circles. The corresponding dashed lines are numerical results. For pump wavelengths close to the degenerate phase matching at λ p ¼ 775.25 nm, the count numbers on the diagonal positions of the correlation matrix are notably larger than the counts on the off diagonals. It indicates bunching and antibunching of photons, as discussed above. Such behavior cannot be achieved with classical walkers, as is shown by the corresponding values of the nonclassicality in Fig. 2(f) . The experimental nonclassicality attains values over 4 times higher than the standard deviation near the degenerate phase-matching wavelength. These results illustrate that the tunability of the quantum walk and the control over the emerging spatial correlations can be beneficial for reconfigurable quantum simulations based on quantum walks.
IV. CONTROL OF QUANTUM STATES BY QUANTUM REFLECTION FROM A DEFECT
In this section, we show that the output photon statistics can be controlled by the engineering of structural defects in the array. Such defects lead to the interference of incident and reflected photons from the defect. As a simple example of a structural defect, we consider the edge of the WGA, which is accessed by placing the pump beam closer to the WGA boundary. Hence, the real photon positions are restricted to n s;i ≥ 1. Accordingly, the quantum walk is truncated. The accessible part of the quantum walk is represented by the white area in Fig. 3(a) . The photon pairs are generated through SPDC at the position of the pump, marked with a green color and a plus sign. The example in Fig. 3(a) corresponds to the pump coupled to the first waveguide, with n s ¼ n i ¼ n p ¼ 1. To describe the quantum walks at the reflecting boundary, we use an approach similar to the method of charge images in electrostatics [33] and formally extend the two-dimensional lattice representation of the quantum walk [10, 30] beyond the boundary (n s;i ≤ 0), as marked with gray shading in Fig. 3(a) . Three additional virtual sources appear in the imaginary space, which are in phase or out of phase with the real source, as marked with plus and minus symbols. Remarkably, the outof-phase virtual sources are positioned on the antidiagonal, where n s ¼ −n i ¼ AEn p , whereas real sources can only appear on a diagonal. Accordingly, the interference between the quantum walkers, i.e., photon pairs generated by real and virtual sources, gives rise to unique photon-pair correlations that cannot be simply achieved with real sources away from the WGA edge.
Experimentally obtained photon-pair spectral-spatial distributions and corresponding correlation measurements for two different distances of the pump waveguide from the edge are shown in Figs. 3(b)-3(e) . Both measurements are conducted close to the respective wavelengths of degenerate phase matching, which depends on the distance from The pump wavelength is λ p ¼ 775.7 nm, and the pump is coupled to the second waveguide from the edge (n p ¼ 2). Different pump wavelengths are selected to achieve maximally nonclassical states.
the WGA edge, leading to different pump wavelengths in the presented experiments. Because of reflections from the WGA boundary, interference fringes are observed in the photon-pair spectral-spatial distributions [Figs. 3(b) and 3(d)]. Accordingly, the photon correlations strongly depend on the pump position away from the edge waveguide, being formed by interference of photons reflected from the edge and photons propagating unobstructed. We note that whereas the spatial correlations in the WGA center have fourfold symmetry [see Figs. 2(b) and 2(d) ], only twofold symmetry due to the photon indistinguishability remains close to the edge, as seen in Figs. 3(c) and 3(e) . Because of the boundary, the antibunching of photons is no longer possible for coupling to the first waveguide; however, we still observe a strong bunching. For pump coupling to the second waveguide, we measure larger probabilities for bunching and symmetric antibunching. Experimental nonclassicalities are calculated to be 2440 counts for coupling to the first waveguide and 3600 counts for coupling to the second waveguide. Both values are over 3 standard deviations above 0. Thus, we show that generated nonclassical quantum states can be reshaped by the utilization of structural defects. (See the Supplemental Material for more cases and the analysis of nonclassicality [32] .)
V. DISCUSSIONS
The experimental results shown above were obtained using periodically poled waveguides, having some inhomogeneities in the poling domain sizes. Nevertheless, a good agreement with numerical simulations demonstrates that the operation is robust with respect to poling. We have additionally performed independent experiments with WGA samples without poling and operating at a shorter pump wavelength (see the Supplemental Material [32] ), confirming the broad applicability of the developed approaches to various nonlinear integrated platforms.
While we have characterized biphoton correlations at the WGA output, our platform is well suited for the generation of multiple photon pairs along the WGA length, which would produce highly nonclassical multiphoton correlations. Such multiphoton correlations can also be manipulated by adjusting the phase-matching conditions for SPDC or changing the spatial distribution of the pump beam. Additional flexibility can also be achieved through specially designed poling patterns.
Because of the qualitatively new physics and control mechanisms explained in the previous sections, our scheme has the potential to be used for the generation of large-scale spatial entanglement with precisely controllable spatial correlations. The large number of discrete reconfigurable spatial modes makes this system a prime candidate for the generation of spatial qudits and cluster states, whereas previous bulk-optics approaches aimed at qudit and cluster-state generation are either difficult to scale [34] or produce only approximate analogues of the required states [35] .
This work is also closely related to active research on the applications of optical quantum walks [10, 12, 13, 15, [23] [24] [25] for efficient quantum simulations. The key to unraveling their full potential is on-chip integration that enables better scalability to a large number of positions and walkers in comparison to bulk optical schemes. However, in all optical quantum-walk schemes to date, the correlated photons were generated externally to the WGA, which could introduce quantum decoherence and impose stringent requirements on the coupling losses associated with the connection of the WGA to the photon sources. In this work, we have experimentally demonstrated the concept of an integrated quantum circuit with photon sources, where a nonlinear WGA is used for both photon-pair generation and quantum walks. This approach may enable better scalability of the number of walkers within a quantum photonic circuit. In future works, it will be important to explore what types of quantum simulations may be carried out by integrated quantum walks on a nonlinear chip. Another interesting research direction would be to determine how introducing inhomogeneous coupling between the waveguides or inhomogeneous phase matching could help to achieve ultimate flexibility in generating tailored correlations and entanglement.
Finally, we believe that our work may have broad implications for other areas of physics. In our manuscript, we show that utilizing large-scale quantum interference enabled by nonlinearity in spatially nontrivial systems may allow novel operating regimes and enhanced control. Similar ideas may be utilized in a range of physical systems. For example, our previous theoretical research indicates that integrated biphoton generation and quantum walks may also be facilitated by spontaneous four-wave mixing, which is an analogue of SPDC in schemes with cubic nonlinearity, such as siliconbased devices [36] . Outside of the optical community, our approach may be realized in Bose-Einstein condensates by combining four-wave-mixing-generated pair-correlated atoms [37] and periodic lattices [38] . [32] .) The coupling length between the neighboring waveguides is found to be ≫ 51 mm at the pump wavelength and about 12 mm at the biphoton wavelengths.
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APPENDIX B: MEASUREMENT OF SPECTRAL-SPATIAL SPONTANEOUS PARAMETRIC DOWN-CONVERSION DISTRIBUTIONS
The schematic illustration of the experimental setup is shown in Fig. 4 . Our goal is to measure the spectral-spatial SPDC intensity output of the Ti∶LiNbO 3 WGAs. The sample is heated to a temperature of approximately 240°C to phase match the type-I (ee − e corresponding to extraordinary signal, idler, and pump polarizations) SPDC process and to avoid photorefractive effects. A single waveguide of the WGA is excited by a tunable cw laser operating around λ p ≈ 775 nm. At the pump wavelength, the WGA is multimoded; however, by carefully aligning the input beam, we ensure predominant coupling of the input beam to the fundamental TM 00 mode. This mode does not exhibit evanescent coupling to the neighboring waveguides and hence is bound to the excitation site. In contrast, the longerwavelength SPDC photon pairs could propagate across the WGA.
After the crystal, the pump beam is filtered out by a longpass filter with a cutoff wavelength of approximately 1 μm; then, the SPDC output is refracted by a prism, which allows us to study the SPDC distribution in different waveguides for various frequency mismatches Δω. Thus, we obtain the spectral-spatial SPDC distribution Iðn; λÞ that is measured by a cooled IR camera. The spectral resolution is approximately 30 nm.
APPENDIX C: MEASUREMENT OF PHOTON-PAIR CORRELATIONS
The schematic representation of the SPDC quantum correlation measurement setup is shown in Fig. 5 . Similar to the spectral experiments, a single waveguide of the WGA is excited by a tunable cw laser operating around λ p ≈ 775 nm to phase match the type-I (ee − e) spontaneous parametric down-conversion process, while the sample is heated to a temperature of approximately 240°C. The pump power is kept below 0.5 mW to minimize photorefraction.
Experimentally, we measure the photon-pair correlations for a range of pump wavelengths on two cooled InGaAs single-photon detectors (IDQuantique 210) after passing through a 12-nm broad-bandpass filter with a center wavelength of 1550 nm used for the selection of degenerate photon pairs. One arm is detected in a free-running mode (master), the output of which triggers the second in a gated mode (slave). A beam splitter is used to separate two photons of a pair with 50% efficiency, while irises allow for individual waveguide-output selection. This scheme allows us to directly measure photon-pair correlations as defined in Ref. [31] .
The photon arrival times in both detectors are recorded with a two-channel event counter (PicoQuant HydraHarp 400, timing resolution 2 ps). To retrieve the number of two-photon coincidences, the delay between consecutive events in the master and slave detectors is calculated, and two-photon events are sorted into time bins of 50-ps width, according to this delay. A characteristic plot of the number of events versus the delay is shown with the blue symbols in Fig. 6 . A pronounced maximum is a clear sign for coincidences. The number of coincidences Γ raw n s ;n i is determined by fitting a Gaussian function to the measured counts (red line) and calculating the area under the function (red area). Coincidences for every waveguide combination and pump wavelength or position are integrated for 10 min.
After the measurement, we perform a renormalization, taking into account fluctuations in the coupling efficiency from waveguides to single-photon detectors as follows:
Here, Γ ðrawÞ n s ;n i are raw coincidences measured by the coincidence scheme, and ϰ master n s ;n i and ϰ slave n s ;n i are variations in waveguide-to-detector coupling due to switching between different waveguides and experimental fluctuations over the course of the experiment. These coupling-variation coefficients are calculated as follows. Ideally, moving the slave detector should not affect master-detector single counts. In real experimental settings, the mechanical adjustment required for switching between waveguide pairs (n s , n i ) leads to variations in the coupling efficiencies and hence the single counts. To compensate for this effect, we calculate the master-detector coupling variation:
Here, N master n s ;n i is the number of master-detector single counts, N master; dark is the number of master-detector dark counts, and n is the number of measured WGA outputs.
Similarly, we compensate for the slave-detector coupling variation. Here, we have to take into account that the slave detector can register an event only after it has been triggered by the master detector. Hence, the coupling variation has to be normalized to the number of master trigger events. Furthermore, three different types of events are detected in the slave detector: coincidences, single photons not related to a photon pair, and dark counts. They are schematically shown by the red, blue, and green areas in Fig. 6 . From these events, only the single-photon counts that are not related to a pair depend exclusively on the slave-channel number n i ; hence, they are used for the normalization. Since the efficiency of collecting and detecting a photon is smaller than 0.03, the slave-detector coupling variation is calculated as follows:
Here, N slave n s ;n i is the number of slave-detector single counts, N slave;dark is the number of slave-detector dark counts, and N coinc is the number of coincidence counts calculated by fitting temporary resolved coincidence data; see Fig. 6 . This fitting also allows us to calculate the statistical errors.
We note that in this experiment, the measured correlations should be symmetric in respect to signal and idler photons due to their indistinguishability, i.e., Γ n s ;n i ¼ Γ n i ;n s . Since, in the experiment, we arbitrarily assign "signal" and "idler" labels to our detectors, a meaningful measure of correlations would be the average symmetrized value Γ sym n s ;n i ¼ ðΓ n i ;n s þ Γ n s ;n i Þ=2. We use Γ sym n s ;n i both for correlations and for nonclassicality plots.
APPENDIX D: MODEL
We consider a quadratic nonlinear process-spontaneous parametric down-conversion-and study the generation of photon pairs with the subsequent quantum walks in an array of coupled quadratic nonlinear waveguides, or a waveguide array. We analyze type-I SPDC, when a pump beam generates signal and idler photons of the same polarization. The quantum walks of generated photon pairs in the WGA can occur due to photon tunneling between waveguides, and we consider a common case when such tunneling occurs between neighboring waveguides. The tunneling rate is characterized by the coupling coefficients C s and C i for the signal and idler photons, respectively [10, 19, 39] .
For a continuous-wave pump at frequency ω p , the signal and idler photons will be generated with frequencies satisfying the energy-conservation relation ω s þ ω i ¼ ω p . We consider near-degenerate SPDC, when phase matching is achieved for photons with frequencies approximately half of the pump frequency. Then, we analyze a frequency range close to degeneracy, where the coupling coefficients are essentially the same for the signal and idler photons, and denote C s;i ≡ C. For a pump beam with optical frequency ω p ≃ 2ω s;i , the corresponding coupling coefficient C p would generally have a much smaller value compared to the signal and idler waves C p ≪ C due to the weaker mode overlap between neighboring waveguides at higher frequencies [39] . In our experimental samples, C p L ≪ 1, where L is the WGA length, and therefore the coupling effects can be neglected for the pump beam (C p ≈ 0). Then, in the undepleted pump regime, the input pump-beam profile amplitude E ðpÞ n remains constant inside the WGA. Accordingly, the evolution of photon pairs with frequencies ðω s ; ω i Þ is governed by the Hamiltonian accounting for linear photon tunneling between the waveguides [10] and photon generation through SPDC [40] Ĥ ¼Ĥ ðtunÞ þĤ ðSPDCÞ :
Here,â † andâ are creation and annihilation operators of photons with frequencies ðω s ; ω i Þ, β s and β i are signal and idler propagation constants, n s and n i are the waveguide numbers describing the positions of the signal and idler photons, E ðpÞ n is the pump amplitude in waveguide number n p , and γ is a nonlinear coefficient. We take into account that propagation constants β s and β i can depend strongly on the signal and idler frequencies ω s and ω i , whereas we neglect the weak dependence of C and γ on frequency close to degeneracy.
If we assume that there is no decoherence, then the generation of photon pairs in quadratic nonlinear WGAs through SPDC in the absence of multiple photon pairs can be characterized by a pure biphoton state with wave function ψ n s ;n i , whose evolution is governed by a Schrödinger-type equation [30] : dψ n s ;n i ðz; ωÞ dz ¼ iC½ψ n s −1;n i ðz; ωÞ þ ψ n s ;n i −1 ðz; ωÞ þ ψ n s þ1;n i ðz; ωÞ þ ψ n s ;n i þ1 ðz; ωÞ þ iΔβ ð0Þ ðωÞψ n s ;n i ðz; ωÞ þ γE ðpÞ n s δ n s ;n i ;
where, to simplify the notation, we denote the signal frequency as ω s ¼ ω, while the idler frequency is defined by the pump and signal frequencies as ω i ¼ ω p − ω s . The variable z denotes the propagation direction along the WGA, and δ is the Kronecker delta function. Compared to a k-space representation [19] , this formalism is more convenient for modeling photon-pair generation and quantum walks at the edge of a nonlinear WGA. The singlewaveguide phase mismatch Δβ ð0Þ is calculated, assuming a homogenous temperature distribution along the waveguide and ideal periodic poling using the refractive-index data for bulk LiNbO 3 :
Here, n ðp;s;iÞ is an extraordinary or ordinary bulk refractive index [41] , depending on the sample configuration; T is the WGA temperature, and L p is a poling period in the case of a periodically poled WGA.
APPENDIX E: CALCULATION OF EXPERIMENTALLY OBSERVABLE CHARACTERISTICS
After calculating the wave function, we obtain twophoton correlations in real space as Γ n s ;n i ðωÞ ¼ jψ n s ;n i ðL; ωÞj 2 , where L is the propagation length. Note that since the signal and idler photons have the same polarization and correspond to the same modes of individual waveguides, there is a symmetry relation Γ n s ;n i ðω s Þ ≡ Γ n s ;n i ðω i Þ.
In the spectral experiment, we measure the spectralspatial SPDC intensity at the output of a LiNbO 3 WGA. To calculate the spectral-spatial output, we sum the probabilities of photons arriving to detector n as follows:
Since, in the experiment, we resolve the wavelength with a prism, we convert frequency to wavelength λ ¼ 2πc=ω, thus obtaining the output spectral-spatial distribution Iðn; λÞ. Then, we simulate the spatial output profile by approximating the individual waveguide modes as almost nonoverlapping Gaussians Iðx; λÞ ¼ P n Iðn; λÞ exp ½−ðx − d w nÞ 2 =w 2 , where d w ¼ 13.5 μm is the spacing between the centers of the waveguides and w ¼ 3.5 μm is the beam width. To emulate the limited spectral resolution due to the finite-mode diameter in the direction resolved by a prism, we also smooth the wavelength axis with strongly overlapping GaussiansĨðx; λÞ ¼ R dλ 1 Iðx; λ 1 Þ exp ½−ðλ − λ 1 Þ 2 =r 2 , where r ¼ 30 nm is the experimental wavelength-resolution parameter. We compare the spectral-spatial outputĨðx; λÞ with the experiment. Two-photon correlation measurements are performed experimentally using a narrow-band spectral filter that transmits only the wavelengths close to degeneracy. The photon correlation at the filter output is 
Here, FðωÞ is a filter-transmission spectrum. For narrow filtering, the resulting correlation function will be simply proportional to Γ n s ;n i ðω p =2Þ. Following filtering, the photons pass through a beam splitter, and then the spatial positions are selected by slits. For the measurement of photons at different spatial locations, with n s ≠ n i , the detection probability is Γ ðDÞ n s ;n i ≠n s
¼ ð1=2Þ
2 ½Γ ðFÞ n s ;n i þ Γ ðFÞ n i ;n s , where we take into account that ð1=2Þ is the probability that a photon from a particular waveguide passes through the beam splitter in the direction of the correspondingly aligned slit, and the detectors do not distinguish between the signal and idler photons. For the measurement of photons at the same spatial location, with n s ¼ n i , the detection probability is Γ ðDÞ n s ;n s ¼ ð1=2ÞΓ ðFÞ n s ;n s , where ð1=2Þ is the probability that the photons will go in different directions after the beam splitter. Taking into account that Γ ðFÞ n i ;n s ≡ Γ ðFÞ n s ;n i , we conclude that for any photon position, the detection probability is In the particular case of only one nonzero Schmidt coefficient, the state ψ n s ;n i is factorized as a product of two Schmidt modes, which means that the degrees of freedom n s and n i are not entangled. When the Schmidt rank is more than 1, then there is more than one summand in (F1) and the degrees of freedom are entangled.
Another quantitative measure of entanglement is the Schmidt number [16] or a cooperativity parameter [17] that characterizes the degree with which different Schmidt modes are excited:
Larger Schmidt numbers correspond to a higher degree of entanglement.
In this work, we do not perform phase-related measurements, so we cannot experimentally reconstruct the Schmidt decomposition. However, assuming pure states, we can determine a lower bound of experimentally achieved entanglement using stochastic methods. Based on the experimental coincidence measurements, we have calculated that the Schmidt number for correlations in Figs. 2(b), 2(d), 3(c) , and 3(e) is bounded by a minimum value of 2.2, which confirms the presence of spatial entanglement. We have also demonstrated that the minimal bound on the Schmidt number is higher when biphoton spatial correlations feature antibunching. (See the Supplemental Material [32] .)
